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Abstract
Let pi be a set of primes. We say that a finite group G is a Dpi-group
if all its maximal pi-subgroups are conjugate. In this paper, we give
an affirmative answer to the problem 17.44(b) from “The Kourovka
notebook”: we prove that in a Dpi-group an overgroup of a pi-Hall
subgroup is always a Dpi-group.
1 Introduction
Let G be a finite group, pi a set of primes. We denote by pi1 the set of all
primes not in pi, by pipnq the set of all prime divisors of a positive integer n,
given a group G we denote pip|G|q by pipGq. A group G with pipGq Ď pi is
called a pi-group. A subgroup H of G is called a pi-Hall subgroup, if pipHq Ď pi
and pip|G : H |q Ď pi1.
Following [7], we say that G satisfies Epi (or briefly G P Epi), if G has a
pi-Hall subgroup. If G satisfies Epi and every two pi-Hall subgroups of G are
conjugate, then we say that G satisfies Cpi (G P Cpi). Finally, G satisfies Dpi
(G P Dpi), if G satisfies Cpi and every pi-subgroup of G is included in a pi-Hall
subgroup of G. Thus G P Dpi if a complete analogue of the Sylow theorem
for pi-subgroups of G holds. A group satisfying Epi (Cpi, Dpi) is also called an
Epi-group (respectively Cpi-group, Dpi-group).
In the paper, we give an affirmative answer to the following problem from
“The Kourovka notebook” [16]:
˚The work is supported by Russian Science Foundation (project 14-21-00065).
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Problem 1.[16, Problem 17.44(b)] In a Dpi-group, is an overgroup of a pi-Hall
subgroup always a Dpi-group?
An affirmative answer to the analogous problem for Cpi-property (see [16,
Problem 17.44(a)]) is obtained by E.P. Vdovin and D.O. Revin in [24, 25].
According to [23], we say that G satisfies Upi, if G P Dpi and every over-
group of a pi-Hall subgroup of G satisfies Dpi. Thus Problem 1 can be refor-
mulated in the following way:
Problem 1. Is it true that Dpi “ Upi?
The following main theorem gives an affirmative answer to Problem 1.
Theorem 1. (Main theorem) Let pi be a set of primes. Then Dpi “ Upi.
In other words, if G P Dpi and H is a pi-Hall subgroup of G, then every
subgroup M of G with H ďM satisfies Dpi.
In [19, Theorem 7.7], E.P. Vdovin and D.O. Revin proved that G satis-
fies Dpi if and only if each composition factor of G satisfies Dpi. Using this
result, an analogous criterion for Upi is obtained in [21].
Theorem 2. [21, Theorem 2] A finite group G satisfies Upi if and only if
each composition factor of G satisfies Upi.
Thus Problem 1 is reduced to a similar problem for simple Dpi-groups.
All simple Dpi-groups are known: pure arithmetic necessary and sufficient
conditions for a simple group G to satisfy Dpi can be found in [17]. It was
proved in [21] that if G P Dpi is an alternating group, a sporadic group or a
group of Lie type in characteristic p P pi, then G satisfies Upi. An affirmative
answer to Problem 1 in case 2 P pi is obtained in [15]. Therefore, in this paper,
we consider only Dpi-groups of Lie type in characteristic p with 2, p R pi.
2 Notation and preliminary results
All groups in the paper are assumed to be finite. Our notation is standard
and agrees with that of [3] and [9]. By A :B and A .B we denote a split
extension and an arbitrary extension of a group A by a group B, respectively.
Symbols A ˆ B and A ˝ B denote direct and central products, respectively.
If G is a group and S is a permutation group, then G ≀ S is the permutation
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wreath product of G and S. For M Ď G we set MG “ tMg | g P Gu. The
subgroup generated by a subset M is denoted by xMy. We use notations
H ď G and H ✂ G instead of “H is a subgroup of G” and “H is a normal
subgroup of G”, respectively. The normalizer and the centralizer of H in G
are denoted by NGpHq and CGpHq, respectively, while ZpGq is the center
of G. The generalized Fitting subgroup of G is denoted by F ˚pGq. Denote
by vnw an arbitrary solvable group of order n.
Throughout, Fq is a finite field of order q and characteristic p. By η we
always denote an element from the set t`,´u and we use η instead of η1
as well. In order to unify notation and arguments we often denote Anpqq
by A`n pqq, 2Anpqq by A´n pqq, E6pqq by E`6 pqq, 2E6pqq by E´6 pqq, PSLnpqq by
PSL`n pqq and PSUnpqq by PSL´n pqq. If G is a group of Lie type, then by
W pGq we denote the Weyl group of G.
The integral part of a real number x is denoted by rxs. For integers n and
m, we denote by gcdpn,mq and lcmpn,mq the greatest common divisor and
the least common multiple, respectively. If n is a positive integer, then npi
is the largest divisor d of n with pipdq Ď pi. If r is an odd prime and q is an
integer not divisible by r, then epq, rq is the smallest positive integer e with
qe ” 1 pmod rq.
We say that G satisfies p˚q if every pi-subgroup of G has a normal abelian
τ -Hall subgroup, where τ “ ppi X pipGqqztru and r “ minppi X pipGqq.
The next result may be found in [26].
Lemma 1. ( [26], [6, Lemmas 2.4 and 2.5]) Let r be an odd prime, k an
integer not divisible by r, and m a positive integer. Denote epk, rq by e and
e˚ “
$&
%
2e if e ” 1 pmod 2q,
e if e ” 0 pmod 4q,
e{2 if e ” 2 pmod 4q.
Then the following identities hold:
pkm ´ 1qr “
" pke ´ 1qrpm{eqr if e divides m,
1 if e does not divide m;
pkm ´ p´1qmqr “
" pke˚ ´ p´1qe˚qrpm{e˚qr if e˚ divides m,
1 if e˚ does not divide m.
In Lemma 2 we collect some known facts about pi-Hall subgroups in finite
groups.
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Lemma 2. Let G be a finite group, A a normal subgroup of G.
(a) If H is a pi-Hall subgroup of G, then HXA is a pi-Hall subgroup of A and
HA{A is a pi-Hall subgroup of G{A. In particular, a normal subgroup
and a homomorphic image of an Epi-group satisfy Epi. (see [7, Lemma 1])
(b) If M{A is a pi-subgroup of G{A, then there exists a pi-subgroup H of G
with M “ HA. (see [4, Lemma 2.1])
(c) If M is a pi-Hall subgroup of A and G{A is a pi-group, then a pi-Hall
subgroup H of G with H X A “ M exists if and only if the class MA is
G-invariant, i.e., MA “MG. (see [23, Proposition 4.8])
(d) If 2 R pi then Epi “ Cpi. In particular, a group G satisfies Epi if and only
if each composition factor of G satisfies Epi. (see [5, Theorem A], [6,
Theorem 2.3], [23, Theorem 5.4])
(e) If G possesses a nilpotent pi-Hall subgroup then G satisfies Dpi. (see [27],
[23, Theorem 6.2])
(f) A group G satisfies Dpi if and only if A and G{A satisfy Dpi. Equivalently,
G P Dpi if and only if each composition factor of G satisfies Dpi. (see [19,
Theorem 7.7], [23, Collorary 6.7])
Lemma 3. ([17, Theorem 3], [23, Theorem 6.9]) Let S be a simple group
of Lie type with the base field Fq of characteristic p. Suppose 2 R pi and
|pi X pipSq| ě 2. Then S satisfies Dpi if and only if the pair pS, piq satisfies
one of the Condition I-IV below.
Condition I. Let p P pi and τ “ ppiXpipSqqztpu. We say that pS, piq satisfies
Condition I if τ Ď pipq´1q and every number from pi does not divide |W pSq|.
Condition II. Suppose that S is not isomorphic to 2B2pqq, 2F 4pqq, 2G2pqq
and p R pi. Denote by r the number minppi X pipSqq. Set τ “ ppi X pipSqqztru
and a “ epq, rq. We say that pS, piq satisfies Condition II if there exists t P τ
with b “ epq, tq ‰ a and one of the following holds.
(a) S » An´1pqq, a “ r ´ 1, b “ r, pqr´1 ´ 1qr “ r,
„
n
r ´ 1

“
”n
r
ı
and for
every s P τ hold epq, sq “ b and n ă bs.
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(b) S » An´1pqq, a “ r ´ 1, b “ r, pqr´1 ´ 1qr “ r,
„
n
r ´ 1

“
”n
r
ı
` 1,
n ” ´1 pmod rq and for every s P τ hold epq, sq “ b and n ă bs.
(c) S » 2An´1pqq, r ” 1 pmod 4q, a “ r ´ 1, b “ 2r, pqr´1 ´ 1qr “ r,„
n
r ´ 1

“
”n
r
ı
and epq, sq “ b for every s P τ .
(d) S » 2An´1pqq, r ” 3 pmod 4q, a “ r ´ 1
2
, b “ 2r, pqr´1 ´ 1qr “ r,„
n
r ´ 1

“
”n
r
ı
and epq, sq “ b for every s P τ .
(e) S » 2An´1pqq, r ” 1 pmod 4q, a “ r ´ 1, b “ 2r, pqr´1 ´ 1qr “ r,„
n
r ´ 1

“
”n
r
ı
` 1, n ” ´1 pmod rq and epq, sq “ b for every s P τ .
(f) S » 2An´1pqq, r ” 3 pmod 4q, a “ r ´ 1
2
, b “ 2r, pqr´1 ´ 1qr “ r,„
n
r ´ 1

“
”n
r
ı
` 1, n ” ´1 pmod rq and epq, sq “ b for every s P τ .
(g) S » 2Dnpqq, a ” 1 pmod 2q, n “ b “ 2a and for every s P τ either
epq, sq “ a or epq, sq “ b.
(h) S » 2Dnpqq, b ” 1 pmod 2q, n “ a “ 2b and for every s P τ either
epq, sq “ a or epq, sq “ b.
In cases (g)-(h), a pi-Hall subgroup of S » 2Dnpqq is cyclic.
Condition III. Suppose that S is not isomorphic to 2B2pqq, 2F 4pqq, 2G2pqq
and p R pi. Denote by r the number minppi X pipSqq. Set τ “ ppi X pipSqqztru
and c “ epq, rq. We say that pS, piq satisfies Condition III if epq, tq “ c for
every t P τ and one of the following holds.
(a) S » An´1pqq and n ă cs for every s P τ .
(b) S » 2An´1pqq, c ” 0 pmod 4q and n ă cs for every s P τ .
(c) S » 2An´1pqq, c ” 2 pmod 4q and 2n ă cs for every s P τ .
(d) S » 2An´1pqq, c ” 1 pmod 2q and n ă 2cs for every s P τ .
5
(e) S is isomorphic to one of the groups Bnpqq, Cnpqq or 2Dnpqq, c is even
and 2n ă cs for every s P τ .
(f) S is isomorphic to one of the groups Bnpqq, Cnpqq or Dnpqq, c is odd and
n ă cs for every s P τ .
(g) S » Dnpqq, c is even and 2n ď cs for every s P τ .
(h) S » 2Dnpqq, c is odd and n ď cs for every s P τ .
(i) S » 3D4pqq.
(j) S » E6pqq and if r “ 3 and c “ 1 then 5, 13 R τ .
(k) S » 2E6pqq and if r “ 3 and c “ 2 then 5, 13 R τ .
(l) S » E7pqq and if r “ 3 and c P t1, 2u then 5, 7, 13 R τ , and if r “ 5 and
c P t1, 2u then 7 R τ .
(m) S » E8pqq and if r “ 3 and c P t1, 2u then 5, 7, 13 R τ , and if r “ 5 and
c P t1, 2u then 7, 31 R τ .
(n) S » G2pqq.
(o) S » F4pqq and if r “ 3 and c “ 1 then 13 R τ .
Condition IV. We say that pS, piq satisfies Condition IV if one of the fol-
lowing holds.
(a) S » 2B2p22m`1q, pi X pipGq is contained in one of the sets pip22m`1 ´ 1q,
pip22m`1 ˘ 2m`1 ` 1q.
(b) S » 2G2p32m`1q, piXpipGq is contained in one of the sets pip32m`1´1qzt2u,
pip32m`1 ˘ 3m`1 ` 1qzt2u.
(c) S » 2F 4p22m`1q, piXpipGq is contained in one of the sets pip22p2m`1q˘ 1q,
pip22m`1˘2m`1`1q, pip22p2m`1q˘23m`2¯2m`1´1q, pip22p2m`1q˘23m`2`
22m`1 ˘ 2m`1 ´ 1q.
In the next lemmas, we recall some preliminary results about Upi-property.
Lemma 4. [15, Lemma 3] The following statements are equivalent.
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(a) Dpi “ Upi.
(b) In every simple Dpi-group G all maximal subgroups containing a pi-Hall
subgroup of G satisfy Dpi.
Lemma 5. [21, Theorem 4] If G P Dpi is either an alternating group or a
sporadic simple group or a simple group of Lie type in characteristic p P pi,
then G satisfies Upi.
Lemma 6. [15, Theorem 1] If 2 P pi then Dpi “ Upi.
In view of Lemma 6, we consider the case where pi is a set of odd primes.
The next results are concerned with the properties Epi and Dpi, where 2 R pi.
Lemma 7. [22, Theorem 1] Let G be a group of Lie type in characteristic p.
Suppose that 2, p R pi and H is a pi-Hall subgroup of G. Set r “ minppiXpipGqq
and τ “ piztru. Then H has a normal abelian τ -Hall subgroup.
Recall that G satisfies p˚q if every pi-subgroup of G has a normal abelian
τ -Hall subgroup, where τ “ ppiXpipGqqztru and r “ minppiXpipGqq. Suppose
that G P Epi is a simple group of Lie type in characteristic p. Lemma 7 implies
that if 2, p R pi and G P Dpi then G satisfies p˚q. If epq, sq “ epq, rq for every
s P τ , then the converse is also true.
Lemma 8. [22, Theorem 5] Let G be a simple group of Lie type with the base
field Fq of characteristic p, not isomorphic to
2B2pqq, 2F 4pqq, 2G2pqq. Suppose
that 2, p R pi and G P Epi. Set r “ minppi X pipGqq and τ “ ppi X pipGqqztru.
Assume that epq, sq “ epq, rq for every s P τ . Then G P Dpi if and only if G
satisfies p˚q.
Lemma 9. ([4, Theorem 1.1], [4, Theorem 6.14], [18, Lemmas 5-7]) Assume
that 2 R pi, G is a simple group and G P EpizDpi. Set r “ minppi X pipGqq and
τ “ ppi X pipGqqztru. Then one of the following holds.
(1) G “ O1N and pi X pipGq “ t3, 5u.
(2) G is a group of Lie type with the base field Fq of characteristic p ą 0 and
either (A) or (B) is true:
(A) p P pi, p divides |W pGq|, every t P ppi X pipGqqztpu divides q ´ 1 and
does not divide |W pGq|.
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(B) p R pi and one of (a)-(i) below holds:
(a) G “ PSLnpqq, epq, rq “ r ´ 1, pqr´1 ´ 1qr “ r,
“
n
r´1
‰ “ “n
r
‰
and
for every s P τ we have epq, sq “ 1 and n ă s.
(b) G “ PSUnpqq, r ” 1 pmod4q, epq, rq “ r ´ 1, pqr´1 ´ 1qr “ r,“
n
r´1
‰ “ “n
r
‰
and for every s P τ we have epq, sq “ 2 and n ă s.
(c) G “ PSUnpqq, r ” 3 pmod4q, epq, rq “ r´12 , pqr´1 ´ 1qr “ r,“
n
r´1
‰ “ “n
r
‰
and for every s P τ we have epq, sq “ 2 and n ă s.
(d) G “ E6pqq, piXpipGq Ď pipq´1q, 3, 13 P piXpipGq, 5 R piXpipGq.
(e) G “ 2E6pqq, piXpipGq Ď pipq`1q, 3, 13 P piXpipGq, 5 R piXpipGq.
(f) G “ E7pqq, piX pipGq is contained in one of the sets pipq´ 1q or
pipq ` 1q, 3, 13 P pi X pipGq, 5, 7 R pi X pipGq.
(g) G “ E8pqq, piX pipGq is contained in one of the sets pipq´ 1q or
pipq ` 1q, 3, 13 P pi X pipGq, 5, 7 R pi X pipGq.
(h) G “ E8pqq, piX pipGq is contained in one of the sets pipq´ 1q or
pipq ` 1q, 5, 31 P pi X pipGq, 3, 7 R pi X pipGq.
(i) G “ F4pqq, piX pipGq is contained in one of the sets pipq ´ 1q or
pipq ` 1q, 3, 13 P pi X pipGq.
In view of Lemmas 4 and 5, we need information about maximal sub-
groups of groups of Lie type. For information about maximal subgroups in
classical groups we refer to [9]. Maximal subgroups of exceptional groups of
Lie type are specified in Lemmas 10, 11 and 12.
Let G be an adjoint simple algebraic group of exceptional type G2, F4,
E6, E7 or E8 over Fp , the algebraic closure of the prime field Fp , where
p is a prime. Let σ be an endomorphism of G whose fixed point group
Gσ “ tg P G | gσ “ gu is finite. Then σ is said to be a Frobenius morphism
of G, and G “ pGσq1 is a finite simple exceptional group (exclude the cases
G2p2q1 » PSU3p3q and 2G2p3q1 » PSL2p8q). For a simple group of Lie type
Npqq, let rkpNpqqq denote the untwisted Lie rank of Npqq (i.e. the rank of
the corresponding algebraic group).
Lemma 10. [13, Theorem 8] Let N be a maximal subgroup of a finite excep-
tional group Gσ over Fq, q “ pn. Then one of the following holds.
(1) N “ Kσ where K is maximal closed σ-stable of positive dimension in G;
the possibilities are as follows:
(a) K pand Nq is a parabolic subgroup.
8
(b) K is reductive of maximal rank: the possibilities for N are deter-
mined in [10].
(c) G “ E7, p ą 2 and N “ p22 ˆ PΩ`8 pqq . 22q . S3 or 3D4pqq . 3.
(d) G “ E8, p ą 5 and N “ PGL2pqq ˆ S5.
(e) F ˚pNq is as in Table 1.
Table 1
G
1
σ possibilities for F
˚pNq
G2pqq A1pqq pp ě 7q
F4pqq A1pqq (p ě 13), G2pqq (p “ 7), A1pqq ˆG2pqq (p ě 3, q ě 5)
E
η
6 pqq Aη2pqq (p ě 5), G2pqq (p ‰ 7), C4pqq pp ě 3q, F4pqq,
A
η
2pqq ˆG2pqq (pq, ηq ‰ p2,´q)
E7pqq A1pqq (p ě 17, 19), Aη2pqq (p ě 5), A1pqq ˆ A1pqq pp ě 5q,
A1pqq ˆG2pqq (p ě 3, q ě 5), A1pqq ˆ F4pqq pq ě 4q, G2pqq ˆ C3pqq
E8pqq A1pqq (p ě 23, 29, 31), B2pqq (p ě 5), A1pqq ˆ Aη2pqq (p ě 5),
G2pqq ˆ F4pqq, A1pqq ˆG2pqq ˆG2pqq (p ě 3, q ě 5),
A1pqq ˆG2pq2q (p ě 3, q ě 5)
(2) N is of the same type as G.
(3) N is an exotic local subgroup:
23 . SL3p2q ă G2ppq pp ą 2q
33 . SL3p3q ă F4ppq pp ě 5q
33`3 . SL3p3q ă Eη6 ppq pp ” η pmod 3q, p ě 5q
53 . SL3p5q ă E8ppaq pp ‰ 2, 5; a “ 1 or 2, as p2 ” ˘1 pmod 5qq
25`10 . SL5p2q ă E8ppq pp ą 2q.
(4) G “ E8, p ą 5 and N “ pA5 ˆ A6q . 22.
(5) F ˚pNq is simple and not a group of Lie type in characteristic p (the
possibilities for F ˚pNq are given up to isomorphism by [12]).
(6) F ˚pNq “ Npq0q is a simple group of Lie type in characteristic p with
rkpNpq0qq ď 12rkpGq and one of the following holds:
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(a) q0 ď 9;
(b) Npq0q “ Aη2p16q;
(c) q0 ď tpGq and Npq0q “ A1pq0q, 2B2pq0q or 2G2pq0q (a constant tpGq
is defined in [11]).
Lemma 11. [8, Main theorem] Let G be a group with socle L “ 3D4pqq,
where q “ pn and p is prime. Assume that M is a maximal subgroup of G
not containing L. Then M0 “ M X L is isomorphic to one of the following
groups.
(a) v q9 w : pSL2pq3q ˝ pq ´ 1qq . d, where d “ gcdp2, q ´ 1q.
(b) v q11 w : ppq3 ´ 1q ˝ SL2pqqq . d, where d “ gcdp2, q ´ 1q.
(c) G2pqq.
(d) PGLη3pqq, 2 ă q ” η pmod 3q.
(e) 3D4pq0q, q “ qα0 , α prime, α ‰ 3.
(f) PSL2pq3q ˆ PSL2pqq, p “ 2.
(g) pSL2pq3q ˝ SL2pqqq . 2, p odd.
(h) ppq2 ` q ` 1q ˝ SL3pqqq . f` . 2, where f` “ gcdp3, q2 ` q ` 1q.
(i) ppq2 ´ q ` 1q ˝ SU3pqqq . f´ . 2, where f´ “ gcdp3, q2 ` q ` 1q.
(j) pq2 ` q ` 1q2 . SL2p3q.
(k) pq2 ´ q ` 1q2 . SL2p3q.
(l) pq4 ´ q2 ` 1q . 4.
We do not need a list of maximal subgroups of 2B2pqq because if 2 R pi
then a pi-Hall subgroup H of 2B2pqq is abelian (see [22, Lemma 14]), and
all maximal subgroups of 2B2pqq containing H satisfy Dpi by Lemma 2(e).
To simplify our proof of Theorem 1 we need a list of maximal subgroups
of 2F4pqq.
Lemma 12. [14, Main Theorem] Every maximal subgroup of G “ 2F4pqq,
q “ 22n`1, n ě 1, is isomorphic to one of the following.
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(a) v q11 w : pA1pqq ˆ pq ´ 1qq.
(b) v q10 w : p2B2pqq ˆ pq ´ 1qq.
(c) SU3pqq : 2.
(d) ppq ` 1q ˆ pq ` 1qq : GL2p3q.
(e) ppq ´?2q ` 1q ˆ pq ´?2q ` 1qq : v 96 w if q ą 8.
(f) ppq `?2q ` 1q ˆ pq `?2q ` 1qq : v 96 w.
(g) pq2 ´?2qq ` q ´?2q ` 1q : 12.
(h) pq2 `?2qq ` q `?2q ` 1q : 12.
(i) PGU3pqq : 2.
(j) 2B2pqq ≀ 2.
(k) B2pqq : 2.
(l) 2F4pq0q, if q0 “ 22m`1 with p2n ` 1q{p2m` 1q prime.
We also need some information about automorphisms of groups of Lie
type. Let G be a simple group of Lie type. Definitions of diagonal, field
and graph automorphisms of G agrees with that of [20]. The group of inner-
diagonal automorphisms of G is denoted by pG, while AutpGq is the automor-
phism group of G. By [20, 3.2], there exists a field automorphism ρ of G such
that every automorphism σ of G can be written σ “ βρlγ, with β and γ being
an inner-diagonal and a graph automorphisms, respectively, and l ě 0. The
group xρy is denoted by ΦG. In view of [2, 7-2], the group ΦG is determined
up to pG-conjugacy. Since G is centerless, we can identify G with the group
of its inner automorphisms.
Lemma 13. [20, 3.3, 3.4, 3.6] Assume that G is a simple group of Lie type
over Fq of characteristic p. Set A “ AutpGq and pA “ pGΦG. Then the
following hold.
(a) G ď pG ď pA ď A is a normal series for A.
(b) pG{G is abelian; pG “ G for the groups E8pqq, F4pqq, G2pqq, 3D4pqq, in
other cases the order of pG{G is specified in Table 2.
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Table 2
G | pG{G|
Alpqq gcdpl ` 1, q ´ 1q
2Alpqq gcdpl ` 1, q ` 1q
Blpqq, Clpqq, E7pqq gcdp2, q ´ 1q
Dlpqq gcdp4, ql ´ 1q
2Dlpqq gcdp4, ql ` 1q
E6pqq gcdp3, q ´ 1q
2E6pqq gcdp3, q ` 1q
(c) A “ pA with the exceptions: A{ pA has order 2 if G is Alpqq (l ě 2), Dlpqq
(l ě 5) or E6pqq, or if G is B2pqq or F4pqq and q “ 22n`1, or if G is
G2pqq and q “ 32n`1; A{ pA is isomorphic to S3 if G is D4pqq.
3 Proof of the main theorem
In view of Lemma 6, we may assume that 2 R pi. By Lemma 4, to prove
the identity Dpi “ Upi, it is sufficient to prove that in each simple nonabelian
Dpi-group G all maximal subgroups, containing a pi-Hall subgroup of G, sat-
isfy Dpi. This is true if G is an alternating group, a sporadic simple group
or a simple group of Lie type in characteristic p P pi because these groups
satisfy Upi by Lemma 5. Thus we may assume that G is a simple Dpi-group
of Lie type with the base field Fq of characteristic p and p R pi.
Throughout this section, H is a pi-Hall subgroup of G, M is a maximal
subgroup of G with H ďM . Our goal is to show that M satisfies Dpi. So by
Lemma 2(f) it is sufficient to prove that every nonabelian composition factor
of M satisfies Dpi. Since M contains H , M satisfies Epi. Lemma 2(a) implies
that every composition factor of M satisfies Epi.
Let r be the smallest prime in pi X pipGq and τ “ ppi X pipGqqztru.
Step 1. If S is a composition factor of M and S P EpizDpi, then r P pipSq,
|pi X pipSq| ě 2 and S » PSLηn1pq1q.
Proof. Clearly, if |pi X pipSq| ď 1, then S P Dpi. Therefore we have that
|pi X pipSq| ě 2, in particular, |pi X pipGq| ě 2. Since G satisfies Dpi, it follows
from Lemma 7 that G satisfies p˚q, i.e., every pi-subgroup of G has a normal
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abelian τ -Hall subgroup. Lemma 2(b) implies that every pi-subgroup of S is
a homomorphic image of a pi-subgroup of G. Hence a pi-Hall subgroup of S
has a normal abelian τ -Hall subgroup. If r R pipSq then a pi-Hall subgroup
of S is abelian. So by Lemma 2(e) we have S P Dpi and this is a contradiction
with S P EpizDpi. Therefore we conclude r P pipSq, as required. Thus every pi-
subgroup of S possesses a normal abelian τ -Hall subgroup, i.e. S satisfies p˚q.
Since S P EpizDpi, the possibilities for S are determined in Lemma 9.
Suppose that S satisfies item p1q of Lemma 9. Then S » O1N and piXpipSq “
t3, 5u. But a t3, 5u-Hall subgroup of O1N does not possess a normal Sylow
5-subgroup, hence O1N does not satisfy p˚q and this case is impossible.
Suppose that S is a group of Lie type with the base field Fq1 of char-
acteristic p1. Assume first that S satisfies item 2pAq of Lemma 9, and so
p1 P pi. If p1 ‰ r then r P ppi X pipSqqztp1u and r does not divide |W pSq|.
Since pip|W pSq|q “ pipl!q for some natural l, we obtain that l ă r ă p1 and
it contradicts the fact that p1 divides |W pSq|. Suppose now that p1 “ r.
Denote by U a Sylow p1-subgroup of S. In view of [4, Theorem 3.2], a Borel
subgroup B “ NSpUq contains a pi-Hall subgroup H1 of S. If Q is a normal
abelian τ -Hall subgroup of H1 then H1 “ U ˆQ. Hence H1 is nilpotent and
by Lemma 2(e) we have S P Dpi, a contradiction with S P EpizDpi. Assume
now that S satisfies item 2(B) of Lemma 9, and so p1 R pi. If S satisfies one
of items 2(B)d-2(B)i, then we have that pi X pipSq Ď pipq1 ˘ 1q and therefore
epq1, tq “ epq1, sq for every t, s P pi X pipSq. Since S satisfies p˚q, S satisfies
Dpi by Lemma 8, and this contradicts our assumption that S P EpizDpi. Thus
S satisfies one of items 2(B)a-2(B)c of Lemma 9, and so S » PSLηn1pq1q.
Step 2. If M is an almost simple group, then M P Dpi.
Proof. Let S be nonabelian simple group with S ď M ď AutpSq. As men-
tioned previously, M P Dpi if and only if S P Dpi. We derive a contradiction by
assuming that M R Dpi and thus S R Dpi. By Step 1, we have S » PSLηn1pq1q
and S satisfies one of items 2(B)a-2(B)c of Lemma 9. Consider the structure
of a pi-Hall subgroup of S. Since S » PSLηn1pq1q P EpizDpi, by Lemmas 2(d)
and 2(f) we have that SLηn1pq1q and GLηn1pq1q lie in EpizDpi. By Lemma 9, we
have that gcdpn1, q1 ´ ηqpi “ 1, therefore |ZpSLηn1pq1qq|pi “ 1, and so a pi-Hall
subgroup of S is isomorphic to a pi-Hall subgroup of SLηn1pq1q.
Now we specify the structure of a pi-Hall subgroup of SLηn1pq1q. We start
with GLηn1pq1q. Observe that pipGLηn1pq1qq “ pipSq. Recall (by Step 1) that
r P pipSq. By Lemma 9, for every t P τ X pipSq if η “ ` then epq1, tq “ 1,
13
and if η “ ´ then epq1, tq “ 2. Hence a τ -Hall subgroup of GLηn1pq1q lies in a
subgroup of diagonal matrices D, and D is a direct product of n1 copies of a
cyclic group of order q1´η. Since τXpipSq ‰ ∅, it follows that |q1´η| ě 5, and
soNGLηn1 pq1qpDq “ D :Sn1, where Sn1 is a group of monomial matrices and Sn1
acts on D by permuting diagonal elements. Consider a Sylow r-subgroup R
of Sn1 . Lemma 9 implies that r does not divide q1 ´ η, hence R ď SLηn1pq1q.
Denote the number
“
n1
r
‰
by k. Since
“
n1
r
‰ “ “ n1
r´1
‰
, for some natural d we
have n1 “ kr`d “ kpr´1q`pd`kq and d`k ă r´1. Hence k ă r´1 and
R » rk. In view of Lemma 1, we obtain that | SLηn1pq1qq|r “ rk. Thus a pi-Hall
subgroup of SLηn1pq1q, up to conjugation, lies in pDXSLηn1pq1qq :R. If D1 and
R1 are the images of DXSLηn1pq1q and R under the canonical homomorphism
SLηn1pq1q Ñ S, respectively, then we may assume that a pi-Hall subgroup of S
lies in
D1 :R1 » pq1 ´ ηqn1´1 : rk.
Recall thatM contains a pi-Hall subgroupH ofG. SoH is a pi-subgroup of
AutpSq, and since AutpSq{pSΦ is a 2-group by Lemma 13, where Φ denotes
the group ΦS, we have that H lies in pSΦ. Since H is a pi-Hall subgroup
of M , by Lemma 2(a) we have that H X S is a pi-Hall subgroup of S. Write
H1 “ H XS, and observe that by Lemma 2(d) S P Cpi, hence by Lemma 2(c)
there exists a pi-Hall subgroup H0 of SΦ with H0 X S “ H1. Now we want
to show that it is possible to assume H ď H0. By Lemma 13, we have
|pSΦ : SΦ| “ gcdpn1, q1´ ηq and it follows from gcdpn1, q1´ ηqpi “ 1, that H0
is a pi-Hall subgroup of pSΦ. Consider the normalizer NpSΦpH1q. It is obvious
that NpSΦpH1q contains both H0 and H , and so H0 is a pi-Hall subgroup of
NpSΦpH1q. The normalizer NpSΦpH1q possesses a normal series
H1 ✂NSpH1q✂NpSΦpH1q,
where NSpH1q{H1 is a pi1-group and NpSΦpH1q{NSpH1q is solvable. Now
Lemma 2(f) implies that NpSΦpH1q satisfies Dpi. Since H0 is a pi-Hall sub-
group of NpSΦpH1q, we may assume H ď H0, up to conjugation. In particular,
H “ H1 : xϕy, where xϕy is a pi-subgroup of Φ. Hence, by previous paragraph,
H is included in a subgroup pD1 :R1q : xϕy of S : xϕy, and pD1 :R1q : xϕy is
isomorphic to ppq1 ´ ηqn1´1 : rkq : xϕy. Moveover, ϕ centralizes R1 and acts
by x ÞÑ xpα1 on every group pq1 ´ ηq. It follows from the action of R1 on D1,
that |CD1pR1q|pi ď pq1 ´ ηqk`d´1pi . Thus |CHpR1q| ď rkpq1 ´ ηqk`d´1pi |ϕ|.
On the other hand, in GLηn1pq1q there exists a subgroup L of the following
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type: ¨
˚˚˚
˚˚˚
˚˚˚
˚˚˚
˝
k timeshkkkkkkkkkkkkkkkkk kkkkkkkkkkkkkkkkkj
GLηr´1pq1q ¨ ¨ ¨ 0
...
. . .
...
0 ¨ ¨ ¨ GLηr´1pq1q
0
0
k`d timeshkkkkkkkkkkkkikkkkkkkkkkkkj
q1 ´ η ¨ ¨ ¨ 0
...
. . .
...
0 ¨ ¨ ¨ q1 ´ η
˛
‹‹‹‹‹‹‹‹‹‹‹‹‚
Now GLηr´1pq1q possesses a cyclic subgroup of order qr´11 ´ 1. Since rpq1´ ηq
divides qr´11 ´ 1, we obtain that GLηr´1pq1q has a cyclic subgroup of order
rpq1´ηq. Thus L (and hence GLηn1pq1q) possesses a subgroup rkˆpq1´ηq2k`d.
So in LXSLηn1pq1q there is an abelian subgroup of order rkpq1´ ηq2k`d´1 and
L X SLηn1pq1q is ϕ-invariant. It follows that S : xϕy possesses a pi-subgroup
F “ prk ˆ pq1 ´ ηq2k`d´1pi q : xϕy. Moreover, |F |r “ |R1| “ | SLηn1pq1q|r, hence
up to conjugation we may assume that R1 ď F . Clearly R1 lies in ZpF q and
|F | ą |CHpR1q|. Thus there is a pi-subgroup of M (and of G) such that it is
not isomorphic to any subgroup of a pi-Hall subgroup H of G, and this is the
desired contradiction since G P Dpi.
Now we can assume that M is not almost simple, and it seems quite
natural to proceed our proof in two cases: G is a classical group and G is an
exceptional group.
Step 3. If G is a classical group and M is not almost simple, then
M P Dpi.
Proof. Since G P Dpi, |pi X pipGq| ě 2 and 2, p R pi, we obtain that G satisfies
either Condition II or Condition III of Lemma 3. If G satisfies either item
(g) or item (h) of Condition II, then H is cyclic and M satisfies Dpi by
Lemma 2(e). Suppose that G satisfies either Condition III or one of items
(a)-(f) of Condition II. Then epq, tq “ epq, sq for every t, s P τ . Set
a “ epq, rq and b “ epq, tq for every t P τ.
Suppose that M R Dpi. Then by Lemma 2(f) M has a composition factor S
which does not satisfy Dpi, and by Step 1, S » PSLηn1pq1q, r P pipSq and one
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of items 2(B)a-2(B)c of Lemma 9 holds for S. Set
a1 “ epq1, rq and b1 “ epq1, tq for every t P τ X pipSq.
Assume first that q1 “ q. Since S P EpizDpi, we have that a ‰ b. Hence G
satisfies Condition II. Then b ě r ą 2 and it contradicts the fact that b ď 2
which follows from items 2(B)a-2(B)c of Lemma 9.
Assume now that q1 ‰ q. Since M is not almost simple, by famous
Aschbacher’s theorem [1], we obtain that M belongs to one of Aschbacher’s
classes. According to Tables 3.5A–3.5F from [9], it is sufficient to consider
the following cases:
(a) G “ PSLnpqq, M » vcw .PSLmpquq . vduw, where n “ mu, u is prime,
c “ gcdpq´1,mqpqu´1q
pq´1q gcdpq´1,nq
, d “ gcdpqu´1,mq
gcdpq´1,mq
;
(b) G “ PSLnpqq, M »
1
c
gcdpq´1,nq
9
.PGLnpq0q, where q “ qu0 , u is prime,
c “ q´1
lcmpq0´1, q´1gcdpq´1,nqq ;
(c) G “ PSLnpqq, M » PSUnpq0q .
1
gcdpq0`1,nqc
gcdpq´1,nq
9
, where q “ q20,
c “ q´1
lcmpq0`1, q´1gcdpq´1,nqq ;
(d) G “ PSUnpqq, M »
0
qmp2n´3mq : c{ gcdpq ` 1, nq8 . pPSLmpq2q ˆ
PSUn´2mpqqq . vdw, where 1 ď m ď rn{2s,
c “ |tpλ1, λ2q|λi P Fq2 , λq`12 “ 1, λmpq´1q1 λn´2m2 “ 1u|,
d “ pq2 ´ 1q gcdpq2 ´ 1, mq gcdpq ` 1, n´ 2mq{c;
(e) G “ PSUnpqq, M »
1
pq´1q gcdpq`1,n
2
q
gcdpq`1,nq
9
.PSLn{2pq2q .
1
gcdpq2´1,n
2
q
gcdpq`1,n
2
q
9
. 2;
(f) G “ PSUnpqq, M » vcw .PSUmpquq . vduw, where n “ mu, u is prime,
u ě 3, c “ gcdpq`1,mqpqu`1q
pq`1q gcdpq`1,nq
, d “ gcdpqu`1,mq
gcdpq`1,mq
;
(g) G “ PSUnpqq, M »
1
c
gcdpq`1,nq
9
.PGUnpq0q, where q “ qu0 , u is prime,
u ě 3, c “ q`1
lcmpq0`1, q`1gcdpq`1,nqq .
In cases (a), (b), (d) and (e) S is isomorphic to PSLn1pq1q with q1 ‰ q.
By Lemma 9 the following conditions hold:
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p1q a1 “ r ´ 1;
p2q pqr´11 ´ 1qr “ r;
p3q “ n1
r´1
‰ “ “n1
r
‰
;
p4q b1 “ 1 and n1 ă t for every t P τ X pipSq.
It follows from p1q and p3q that n1 ě r. Observe that if k “
“
n1
r
‰ “ “ n1
r´1
‰
then k ă r´ 1. Hence we have r ď n1 ă pr´ 1q2. By p1q and p4q we see that
pq1 ´ 1qr “ 1 and pq1 ´ 1qt ‰ 1 for every t P τ X pipSq.
Case (a): S » PSLmpquq, where mu “ n and u is prime. Note that
a1 “ epqu, rq, and so a “ epq, rq ě a1 ą 1. By Lemma 1, we have that
b “ epq, tq divides u and pq1´1qt “ pqu´1qt “ pqb´1qtpub qt. Hence b is equal
to 1 or u. Assume that G satisfies Condition III, and so a “ b. Since a ą 1,
we conclude that a “ u. Then a1 “ 1, and it contradicts the fact that a1 ą 1.
Thus we obtain that G satisfies either item (a) or item (b) of Condition II,
and so a “ r ´ 1, b “ r “ u. Since r “ u divides n, we have that G cannot
satisfy item (b) of Condition II, where n ” ´1 pmod rq. Hence G satisfies
item (a) of Condition II. Thus we have that pqr´1´1qr “ r,
“
n
r´1
‰ “ “n
r
‰ “ m,
and, in particular, m ă r´1 and |S|r “ 1. Using Lemma 1, we can calculate
|G|r and |M |r:
|G|r “ pq
r´1 ´ 1qmr pm!qr
pq ´ 1qr gcdpq ´ 1, nqr “ r
m, |M |r “ r.
As m ě 2 we obtain |G|r ě r2. Thus |G|r ą |M |r, which is a contradiction
with the fact that M contains a pi-Hall subgroup of G.
Case (b): S » PSLnpq0q, where q “ qu0 and u is prime. Note that
b1 “ epq0, tq “ 1, and so b “ epqu0 , tq “ 1. Hence we have that G satisfies
Condition III and a “ b “ 1. Lemma 1 implies that a1 “ epq0, rq divides u
and pq ´ 1qr “ pqu0 ´ 1qr “ pqa10 ´ 1qrp ua1 qr. Since a1 is even (a1 “ r ´ 1) and
u is prime, we conclude that a1 “ u “ 2 and r “ 3. Using Lemma 1, we can
calculate |G|3 and |M |3.
|G|3 “ pq ´ 1q
n´1
3 pn!q3
gcdpq ´ 1, nq3 “
pq20 ´ 1qn´13 pn!q3
gcdpq20 ´ 1, nq3
;
|M |3 “ pq ´ 1q3pq
2
0 ´ 1qk3pk!q3
lcm
´
q0 ´ 1, q´1gcdpq´1,nq
¯
3
gcdpq ´ 1, nq3pq0 ´ 1q3
, where k “
”n
2
ı
.
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It follows from r ď n ă pr ´ 1q2 that n “ 3. Since pq0 ´ 1q3 “ 1 and
pq20 ´ 1q3 “ 3, we obtain that |G|3 “ 32 and |M |3 “ 3. Thus |G|3 ą |M |3,
which is a contradiction with the fact that M contains a pi-Hall subgroup
of G.
Cases (d) and (e): S » PSLn1pq2q. Note that b1 “ epq2, tq “ 1, and so
b “ epq, tq is equal to 1 or 2. Thus G satisfies Condition III and a “ b. Then
a “ epq, rq equals 1 or 2, and so a1 “ epq2, rq “ 1, which is a contradiction
with the fact that a1 “ r ´ 1 ě 2.
In cases (c), (f) and (g) S is isomorphic to PSUn1pq1q. By Lemma 9 the
following conditions hold:
p11q either r ” 1 pmod 4q and a1 “ r ´ 1, or r ” 3 pmod 4q and a1 “ r´12 ;
p21q pqr´11 ´ 1qr “ r;
p31q “ n1
r´1
‰ “ “n1
r
‰
;
p41q b1 “ 2 and n1 ă t for every t P τ X pipSq.
In view of p11q, we see that either a1 ” 0 pmod 4q, or a1 ” 1 pmod 2q.
So a1 cannot equal 2k with k odd, in particular a1 ‰ 2. It is obvious that in
this case the inequalities r ď n1 ă pr ´ 1q2 are also valid for n1. By p41q we
have that pq1 ´ 1qt “ 1 and pq21 ´ 1qt ‰ 1 for every t P τ X pipSq.
Case (c): S » PSUnpq0q and q “ q20 . Note that b1 “ epq0, tq “ 2, and so
b “ epq2o , tq “ 1. Hence G satisfies Condition III, and so a “ b “ 1. It follows
from a “ epq20 , rq “ 1, that a1 “ epq0, rq equals 1 or 2. As we mentioned
before, a1 cannot equal 2, and thus a1 “ 1 and r “ 3. Using Lemma 1, we
can calculate |G|3 and |M |3. As in case (b) we have n “ 3 and |G| “ 32.
Since a1 “ 1 we obtain that a˚1 “ 2.
|M |3 “ pq
2
0 ´ 1q3pq ´ 1q3
pq0 ` 1q3 gcdpq ´ 1, 3q3lcm
´
q0 ` 1, q´1gcdpq´1,3q
¯
3
It follows from p11q and p21q that pq0´1q3 “ pq20´1q3 “ 3, and so pq0`1q3 “ 1.
Hence we have that |M |3 “ 3. Thus |G|3 ą |M |3, and it is a contradiction
with the fact that M contains a pi-Hall subgroup of G.
Case (f): S » PSUmpquq, where mu “ n, u is prime and u ě 3. Note
that b1 “ epqu, tq, and so b “ epq, tq ě b1 “ 2 and b ‰ u. By Lemma 1,
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we have that b divides 2u and pq2u ´ 1qt “ pqb ´ 1qtp2ub qt. Thus we have
that b equals 2 or 2u. Assume that G satisfies Condition III, and so a “ b.
Since a1 “ epqu, rq cannot equal 2, we have that a “ epq, rq ‰ 2u, and thus
a “ b “ 2. As a ě a1, we have r “ 3 and a1 “ 1. Since pqu ´ 1q3 ‰ 1, it
follows from Lemma 1 that a divides u and pqu ´ 1q3 “ pq2 ´ 1q3pu2 q3, and
this is a contradiction with the fact that u is an odd prime. Thus we obtain
that G satisfies one of items (c)-(f) of Condition II, and so b “ 2r “ 2u.
Since r “ u divides n, we have that G cannot satisfy items (e) and (f) of
Condition II, where n ” ´1 pmod rq. Hence G satisfies either item (c) or
item (d) of Condition II. Thus we have that a˚ “ a˚1 “ r´ 1, pqr´1´ 1qr “ r,“
n
r´1
‰ “ “n
r
‰ “ m, in particular m ă r ´ 1 and |S|r “ 1. As in the case (a)
we have |G|r ě r2 and |M |r “ r. Thus |G|r ą |M |r, which is a contradiction
with the fact that M contains a pi-Hall subgroup of G.
Case (g): S » PSUnpq0q, where q “ qu0 , u is prime and u ě 3. Note
that b1 “ epq0, tq and b1 ě b “ epqu0 , tq. By Lemma 1, we have that b1 “ 2
divides ub and pqb´1qt “ pqub0 ´1qt “ pq20´1qtpub2 qt. Since u is an odd prime,
we conclude that b “ 2. Thus G satisfies Condition III and a “ b “ 2. Since
a “ epqu0 , rq “ 2, we have that a1 “ epq0, rq ‰ u and a1 ě a. Lemma 1
implies that a1 divides 2u and pq2´ 1qr “ pq2u0 ´ 1qr “ pqa10 ´ 1qrp2ua1 qr. Then
a1 equals 2 or 2u, and it is impossible: as we noted earlier a1 cannot be equal
to 2k with k odd.
Thus we prove that in all cases (a)-(g) a composition factor S » PSLηn1pq1q
cannot satisfy statements 2(B)a-2(B)c of Lemma 9, and so S P Dpi.
Step 4. If G is an exceptional group, not isomorphic to 2B2pqq, 2F4pqq,
2G2pqq, and M is not almost simple, then M P Dpi.
Proof. Since G is not isomorphic to 2B2pqq, 2F4pqq, 2G2pqq, by [22, Lemmas
7-13] we have that H is abelian or pi X pipGq Ď pipq ˘ 1q. If H is abelian
then M satisfies Dpi by Lemma 2(e). Assume now that piX pipGq Ď pipq˘ 1q.
Suppose that M R Dpi. In view of Lemma 2(f) and Step 1, M possesses a
composition factor S » PSLηn1pq1q P EpizDpi. If q1 “ qu for some natural u,
then pi X pipSq Ď pipq ˘ 1q Ď pipqu ˘ 1q. It follows that epqu, rq “ epqu, tq for
every t P τ X pipSq. By proof of Step 1, we have that S satisfies p˚q. Thus
Lemma 8 implies that S P Dpi, and it is a contradiction with our assumption
that S P EpizDpi. Assume now that q1 ‰ qu. It follows from Lemma 11 that
all maximal subgroups of G “ 3D4pqq do not possess a composition factor
isomorphic PSLηn1pq1q with q1 ‰ qu. If G ‰ 3D4pqq, then in Lemma 10 we
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can find maximal subgroups of a finite exceptional group Gσ with G “ pGσq1.
It is clearly that M “ N X G, where N is a maximal subgroup of Gσ not
containing G. Observe that M ✂N and S is a composition factor of N . By
Lemma 10, all possibilities for N , which possesses a composition factor S
isomorphic PSLηn1pq1q with q1 ‰ qu, are the following.
(a) the possibilities for N are determined in [10];
(b) N is an exotic local subgroup;
(c) F ˚pNq is simple.
If N satisfies the first statement, then by [10] we have that S is isomorphic
to PSL2p5q, PSL3p2q or PSU4p2q. Since there exists no odd prime t ą 3 such
that q1 ” 1 pmod tq or 22 ” 1 pmod tq, we conclude that S does not satisfy
items 2(B)a-2(B)c of Lemma 9. Then S P Dpi, and this is a contradiction
with our assumption that S P EpizDpi.
If N satisfies the second statement, then S is isomorphic to one of the
groups PSL3p2q, PSL3p3q, PSL3p5q or PSL5p2q. Thus in this case we also have
that there is no odd prime t with q1 ” 1 pmod tq. Hence S cannot satisfy
2(B)a of Lemma 9, and so S P Dpi, which is a contradiction with S P EpizDpi.
Finally, if F ˚pNq is simple, then F ˚pMq is simple, a contradiction with
our assumption that M is not almost simple.
Thus we prove that in all cases (a)-(c) a composition factor S » PSLηn1pq1q
cannot satisfy statements 2(B)a-2(B)c of Lemma 9, and so S P Dpi.
Step 5. If G is one of the groups 2B2pqq, 2G2pqq or 2F4pqq, then M P Dpi.
Proof. The structure of a pi-Hall subgroup H of G was obtained in [22]. By
[22, Lemma 14], if G is either 2B2pqq or 2G2pqq, or if G is 2F4pqq and 3 R pi,
then H is abelian. Then it follows by Lemma 2(e) that M P Dpi.
Assume now that 3 P pi and G is 2F4pqq, where q “ 22m`1. So we obtain
that r “ 3. Since G P Dpi and |pi X pipGq| ě 2, we have that G ‰ 2F4p2q1
by Lemma 3. All maximal subgroups of 2F4pqq are specified in Lemma 12.
Suppose that M R Dpi. In view of Step 1, we should consider maximal sub-
groups of 2F4pqq, which have a composition factor S isomorphic to PSLηn1pq1q.
It follows from Lemma 12 that S is isomorphic to PSL2pqq or PSU3pqq. If
S » PSL2pqq then S cannot satisfy 2(B)a of Lemma 9 because for n1 “ 2 and
r “ 3 the inequality n1 ě r does not hold. Hence S » PSL2pqq satisfies Dpi.
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If S » PSU3pqq then S also satisfies Dpi because 22m`1 ı 1 pmod 3q and S
cannot satisfy 2(B)c of Lemma 9. So we prove that all composition factors
of M satisfy Dpi.
Thus we prove if G is a simple Dpi-group of Lie type over Fq of charac-
teristic p and 2, p R pi, then every maximal subgroup M of G containing a
pi-Hall subgroup H of G satisfies Dpi. So we have Dpi “ Upi by Lemma 4.
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